We present a new, simple proof of existence for the Lanczos spinor potential in 3+1 dimensions that introduces a potential T ABCD = T (ABC)D of the Lanczos potential together with several generalizations to other index configurations and metric signatures. The potential T ABCD can also be used to express, in a concise way, the gauge freedom left in the Lanczos potential after the differential gauge has been specified. We consider Einstein spacetimes and prove that in those spacetimes any symmetric (3,1)-spinor possesses a symmetric potential H ABA ′ B ′ . Potentials of this type have earlier occurred in some special cases investigated e.g., by Torres del Castillo, Bergqvist and ourselves.
Introduction
More than 30 years ago Lanczos [10] proposed a first order potential for the Weyl tensor. However, in 1983 Bampi and Caviglia [3] showed that Lanczos' original proof was flawed and supplied a rigorous but complicated proof of local existence for four dimensional analytic spaces, independent of signature. Illge [9] has supplied a more conventional proof of existence (by means of a Cauchy problem) in spinor notation that, in its full generality, does not seem to generalize to arbitrary signature. However, it should be emphasized that Illge's work has highlighted the simple and natural structure of the Lanczos potential in spinor notation, and makes it clear that for work in spacetimes (Lorentz signature) the spinor formalism is much simpler than the tensor formalism. It should also be noted that in Lorentz signature the Lanczos potential satisfies a wave equation, and the well posedness of the corresponding Cauchy problem enabled Illge to remove the assumption about analyticity in his proof.
It is important to note that the two existence proofs supplied by Bampi and Caviglia and by Illge respectively do not concern the Weyl tensor/spinor C abcd /Ψ ABCD directly, but are valid for any tensor/spinor W abcd /W ABCD having the same algebraic symmetries as the Weyl tensor/spinor. Furthermore, Illge's work discusses the existence of potentials for completely symmetric spinors with an arbitrary number of primed and unprimed indices; in general these potentials will not be symmetric.
In Section 3 we shall give a simple proof of existence of a Lanczos potential L ABCA ′ of an arbitrary symmetric spinor W ABCD . An interesting aspect of the proof is that it also involves a potential T ABCD = T (ABC)D of L ABCA ′ which may be important in itself. This proof also generalizes, in a straightforward manner, to spinors with other index configurations.
In Section 4 we will examine the gauge freedom of the Lanczos potential. We will obtain an explicit formula for the gauge freedom involving the potential T ABCD , analogously to electromagnetic theory where it is known that the gauge freedom in the electromagnetic potential (after its curl and divergence are specified) is given by the gradient of a scalar field that satisfies a certain wave equation.
As noted above, Illge has shown the existence of (asymmetric) potentials for completely symmetric spinors with an arbitrary number of primed and unprimed indices. Thus, a Lanczos potential L ABCA ′ of some symmetric spinor W ABCD itself has spinor potentials. One example is the spinor T ABCD , but there are reasons why we are more interested in having a symmetric potential of the type H ABA ′ B ′ = H (AB)(A ′ B ′ ) (see e.g., [1] , [2] , [5] and [14] ). Although such a potential does not exist in all spacetimes we demonstrate in Section 5 that it does exist in all Einstein spacetimes. In order to obtain a unique solution to the problem we will supplement the defining equation for H ABA ′ B ′ with certain other conditions and use a technique which is similar in structure to Illge's proof for the existence of L ABCA ′ . As a result our proof of this result will lack the simplicity of the existence proof for L ABCA ′ given in Section 3.
Preliminaries
Let M be a spacetime (i.e., a real, C ∞ , 4-dimensional manifold with a metric of signature (+ − −−)). For simplicity we will restrict ourselves to tensor-and spinor fields of class C ∞ , but note that the results given could be generalized to tensor-and spinor fields of lesser regularity by using theorems on hyperbolic systems where the fields are only assumed to be in some Sobolev space, instead of the theorems used here. For definitions of the Levi-Civita connection, the curvature spinors etc., we will follow the conventions in [12] . Also note that all indices (both tensor-and spinor indices) occurring in this paper are abstract indices [12] .
Illge has shown [9] that given any symmetric spinors
Such a spinor L ABCA ′ is said to be a Lanczos (spinor) potential of W ABCD .
The spinor F BC is called the differential gauge of L ABCA ′ . When F BC = 0 the Lanczos potential is said to be in Lanczos differential gauge. Of particular interest is the case W ABCD = Ψ ABCD i.e., Lanczos potentials of the Weyl curvature spinor. These Lanczos potentials are spinor analogues of the Lanczos tensor potentials, originally investigated in [10] . For an extensive account of the Lanczos potential and its properties, see [1] and [6] .
One of the most remarkable results concerning Lanczos potentials is Illge's wave equation [9] . Suppose L ABCA ′ is a Lanczos potential of W ABCD in the differential gauge F BC . Then L ABCA ′ satisfies the following linear wave equation
Now, if W ABCD is actually the Weyl spinor Ψ ABCD , the spacetime is vacuum and L ABCA ′ is in Lanczos differential gauge, we obtain the remarkably simple equation
An interesting result regarding this wave equation was proved by Edgar and Höglund [6] . They showed that in a vacuum spacetime of 'sufficient generality' (see [6] The theorem in [9] is actually more general than we have quoted above. Illge proves the existence of a potential similar to the one mentioned above, for the case when the symmetric spinor W has an arbitrary number of indices. For easy reference we include the complete theorem of Illge in this section, together with a generalization also mentioned in [9] 
We note that a spinor W ABCD in general has many Lanczos potentials in each differential gauge F BC .
We want to generalize this theorem to symmetric spinors with both primed and unprimed indices. Hence, let
From this equation we see that it is natural to require that L has the symmetry
By combining the two above equations into one, differentiating and using the commutators we arrive at a wave equation analogous to Illge's wave equation (these calculations will be shown in detail for some special cases in later sections)
Note that the version of this equation given in [9] contains a few misprints. Suppose we first try to find a completely symmetric solution of this equation i.e.,
Thus, we obtain not only a wave equation for L, but also an algebraic constraint on the potential L. Therefore we cannot, in general, find a completely symmetric potential for a spinor field with both primed and unprimed indices. However, we immediately see some cases where these constraints are automatically satisfied e.g., when n = 0, m = 1 providing ∇ AA ′ W AA ′ = 0. Illge [9] proves that in this case a symmetric potential exists.
Also, if m = 1 and Φ ABA ′ B ′ = 0, then the potential vanishes from this constraint equation, and we are left with just an equation for the differential gauge F . If this equation can be solved we might expect to find a potential for W . These ideas will be explored in detail in Section 6. On the other hand, if n = 0 and Ψ ABCD = 0 we also see that the above equation is no longer a constraint on the potential itself.
So, in particular we see that for W AA1···AnA ′ the possibility of having a potential of type Finally we note that if we do not require complete symmetry of L, then no constraints occur, and we are able to prove the following generalization of Theorem 2.1 (see [9] ):
∞ and a spinor field
only on Σ be given. Then there exists a neighbourhood of Σ in which the equations
In summary, Illge has shown that any symmetric spinor (in fact the symmetry condition is not necessary, although these are usually the spinors we are interested in) has a potential, but it is only for symmetric spinors which are restricted to only one type of index where we can always obtain a symmetric potential.
3 Simple existence proofs for potentials of various spinors
Introduction
In this section we will give an existence proof for the Lanczos potential. Even though the results of this section can partly be seen as special cases of Illge's theorem in [9] , they have certain advantages compared to the results in [9] .
The most important advantage is that the existence proof of this section is conceptually simpler than the proof given in [9] . This is because it is hard to 'separate out' the existence part from the proof in [9] . Also the potential T ABCD for the Lanczos potential (whose existence could be deduced from the complex conjugate of Theorem 2.2) turns up as an essential part of the theorem. This raises the question whether this potential is important in itself.
The obvious drawback of this existence proof is that it is just an existence proof. It does not give us any uniqueness result whatsoever.
An existence proof for Lanczos potentials
Let W ABCD and F BC be arbitrary spinor fields. Our objective is to show that locally there exists a symmetric spinor L ABCA ′ such that
These equations can be combined into one:
Suppose there exists a spinor
where L ABCA ′ is a solution of (4). Note that we do not invoke (the complex conjugate of) Theorem 2.2 to ensure the existence of such a spinor. At the moment we are merely looking at necessary conditions for its existence. Equation (4) then reads
On the other hand,
where we have used the commutators [12] and the fact that X ABCD = Ψ ABCD + Λ(ε AC ε BD +ε AD ε BC ). Combining the last equation with (6) yields the following wave equation for
That this equation is satisfied is a necessary condition for the existence of a Lanczos potential of the above type. We will now see that this equation can also be used to prove the existence of a Lanczos potential of said type. 
Proof: Let p ∈ M be an arbitrary point. From a theorem in [8] there exists a causal neighbourhood U of p. Now, consider the wave equation (7). This is a linear, diagonal second order hyperbolic system for T ABCD . Hence, from the theory for hyperbolic equations (see e.g., [15] or [8] ) we know that it has a solution
and as an easy consequence, equation (3) is satisfied. 3.3 Symmetric potentials of (n + 1, 0)−spinors and asymmetric potentials for (n + 1, m)−spinors
Even though the most studied case is when W is the Weyl curvature spinor, there is nothing special about spinors with four indices. Thus, we immediately obtain the following generalization:
Proof: It is simply a matter of going through the same calculations as in the previous section to arrive at a similar wave equation for T A1···AnB as equation (7) . By the theory for hyperbolic equations, this equation will also have a solution locally. Proceed as in the proof of the previous theorem. 2
Another possible generalization of the above theorem would be to allow the spinor W to have primed indices also, and to look for a potential having one extra primed index (of course we could reverse the role of primed and unprimed indices in this argument). Unfortunately it turns out that if we write down the equation corresponding to equation (7) it will not necessarily be a linear, diagonal second order hyperbolic system, if we require our potential to be completely symmetric (see equations (1) and (2)). However, if we remove the requirement of symmetry over the primed indices, an analogous theorem can easily be proved in exactly the same way as for the previous theorems. Thus, to be precise:
. Note that (the complex conjugate of) this last theorem actually ensures that for any symmetric spinor L ABCA ′ there exists a spinor
We remark once again that the above results only guarantee local existence of the Lanczos potential in general. There is however an important class of spacetimes for which we can guarantee global existence of the Lanczos potential. If we assume that M has a global spinor structure and is globally hyperbolic i.e., contains a Cauchy surface, then equation (7) has a global solution T ABCD and if we put L ABCA ′ = ∇ A ′ D T ABCD then L ABCA ′ will be globally defined, and will of course still be a Lanczos potential. Thus, in globally hyperbolic spacetimes with a global spinor structure, the above results guarantee the existence of a global Lanczos potential.
The tensor version
By translating all the above into tensor language, it is possible to define a Lanczos potential of the Weyl tensor C abcd . In tensor language the Weyl-Lanczos equation reads
where W abcd has the same algebraic symmetries as the Weyl tensor and
A spinor with the symmetries T ABCD = T (ABC)D can of course be decomposed into U ABCD = T (ABCD) and V AB = T ABC C . The wave equation (7) then splits into
Now, U ABCD corresponds to a tensor U abcd having Weyl symmetry, and V AB corresponds to a 2-form V ab . The differential gauge F ab is defined by F ab = L ab c ;c . In this way all the above definitions carries over to four dimensional spaces of arbitrary signature. The above proof can also be directly translated into tensors e.g., the wave equations (14) becomes
Note that here ∇ 2 = ∇ a ∇ a is not necessarily a wave operator since M is of arbitrary signature. Now, if M is (real) analytic, and both W abcd and F bc are (real) analytic then, by the Cauchy-Kovalevskaya theorem, this system of equations always has a local solution and by translating equation (5) into tensors we can construct a Lanczos potential of W abcd in the differential gauge F bc from the solution of (9) . We obtain that
is a Lanczos potential of W abcd in the differential gauge F bc . Hence, we have shown that Lanczos potentials exist in analytic spacetimes of arbitrary signature. We remark that this technique seems incapable of generalization to spaces of higher dimensions than four. The reason for this is that when we plug the n-dimensional version of (10) into the n-dimensional version of the Weyl-Lanczos equation the resulting equation will not be a wave equation since other terms involving second derivatives of U abcd and V bc will fail to cancel 2 . Therefore existence of solutions to these equations is not guaranteed. In fact, we have strong evidence that Lanczos potentials do not exist in general in dimensions greater than 4 [7] .
The gauge freedom in the Lanczos potential
The theorems of Section 3 now enable us to characterize the gauge freedom in the Lanczos potential when the differential gauge is specified. Let W ABCD and F BC be given symmetric spinors. Let L ABCA ′ andL ABCA ′ be two Lanczos potentials of W ABCD in the differential gauge F BC i.e.,
This equation has a formal resemblance to the equation for a spin-2-field
which has been studied by Bell and Szekeres [4] , who found that in vacuum spacetimes of 'sufficient generality' (see [4] ), the only solutions to this equation are
where c is a complex constant. Therefore we might expect (12) to have very few solutions. However, we will see that this is not the case. One reason for this is that by taking another derivative and using the commutators, we do not obtain any additional algebraic conditions (so called Buchdahl conditions) on M ABCA ′ , unlike the very strong condition on W ABCD . Now, according to the complex conjugate of Theorem 3.3 there exists a spinor
The same calculations as in the previous section tells us that T ABCD must satisfy the following wave equation: (13) or equivalently
where U ABCD = W (ABCD) and V BC = W BCD D . Since these equations are coupled we see that in general we need both U ABCD and V BC non-zero to get a proper gauge transformation. An important exception is conformally flat spacetimes (Ψ ABCD = 0) where the equations decouple, and so we could obtain gauge transformations where e.g., one of U ABCD and V BC is zero, but not the other.
Thus, we have shown that if M ABCA ′ constitutes a gauge transformation of a Lanczos potential L ABCA ′ that does not change the differential gauge i.e., such thatL
where T ABCD is a solution of (13) . Conversely, suppose T ABCD is a solution of (13) and put M ABCA ′ = ∇ A ′ D T ABCD . Then equation (13) can be rewritten as
Decomposing into symmetric-and trace parts gives us 
where T ABCD = T (ABC)D is a solution of (13).
5 Potentials for symmetric (3,1)-spinors in Einstein spacetimes
Introduction
In some special cases [1] , [2] , [5] , [14] there has been found a completely symmetric spinor H ABA ′ B ′ such that the spinor
is a Lanczos potential of the Weyl spinor. In this section we will prove that such a spinor H ABA ′ B ′ exists in all Einstein spacetimes i.e., spacetimes such that the Ricci spinor Φ ABA ′ B ′ = 0. In fact, we will prove that in such spacetimes any symmetric spinor L ABCA ′ can be written as 
A preliminary result
First we need a preliminary lemma, which is of interest in its own right. 
Proof: By rescaling, it suffices to assume that n AA ′ is a unit timelike-or spacelike vector. We start by proving uniqueness, so suppose that
where we have used that n B ′ C n CA ′ = 1 2 ε A ′ B ′ . In the spacelike case, the same calculations give 2ϕ
This proves the uniqueness part so now we need only verify that the above candidate for ζ AA ′ actually satisfies the conclusion of the lemma. As before we start with the timelike case:
This proves the lemma in the timelike case. The spacelike case is proved in exactly the same way. 2
Construction of the potential

The spinor version
Let M be an Einstein spacetime i.e., Φ ABA ′ B ′ = 0 and let L ABCA ′ be a symmetric spinor field on M . Our objective is to show that locally there exists a spinor field
We also wish to examine the gauge freedom in the potential H ABA ′ B ′ . Our strategy for proving the existence of H ABA ′ B ′ will be to start by deriving a wave equation for H ABA ′ B ′ , along with some constraint equations. Then we use the same theorem from [8] as in Section 3 to show that these equations have a solution; finally we prove that this solution also solves equation (16).
We begin by assuming that
where ζ BB ′ is a given spinor field (complex 1-form). Note that
Now, let Σ be a C ∞ spacelike hypersurface with a future-directed unit normal
′ ∇ AA ′ be the normal derivative with respect to Σ and let∇ AA ′ = ∇ AA ′ − n AA ′ ∇ n so that∇ AA ′ is the part of ∇ AA ′ that acts tangentially to Σ.
Since (18) must be satisfied also on Σ we obtain
As before we have that n
Thus, multiplying the previous equation by n AC ′ gives us an explicit expression for the normal derivative of
Note that since∇ AA ′ only consists of derivatives in directions tangential to Σ we can replace H with
• H in the RHS. If we lower the index C ′ then the LHS is symmetric over (A ′ C ′ ). Hence, the above equation is equivalent to the following initial value constraints:
where we have put
Next we differentiate the LHS of (18) and note that X ABCD = Ψ ABCD + Λ(ε AC ε BD + ε AD ε BC ):
where we have used that Φ ABA ′ B ′ = 0 along with the symmetry of H ABA ′ B ′ . Thus, H ABA ′ B ′ satisfies the following wave equation:
Note that this equation is actually a special case of equation (1) 
The second of these equations is actually equation (2) of Section 2. After these preliminary considerations we are ready to prove our main result. 
on all of U .
Proof: An outline of the existence part of the proof is as follows. We start by solving the second of the equations (20) for
f . Then we evolve this initial data using the second equation of (23) in such a way that ∇ AA ′ ζ AA ′ = g. Next we calculate the normal derivative of H ABA ′ B ′ using the first equation of (20) and use the so obtained Cauchy data for H ABA ′ B ′ to solve the first equation of (23) for H ABA ′ B ′ . It can then be verified that this spinor field satisfies all the conditions of the theorem.
Define the symmetric spinor
By Lemma 5.1 there exists a unique spinor
and such that the second of the equations (20) is satisfied i.e.,
Our next task will be to solve for ζ AA ′ . We want to find ζ AA ′ so that the following three conditions are satisfied
where • ζ AA ′ is the solution of (25) obtained above. Let U be a causal neighbourhood [8] of Σ. According to Theorem 2.1 this problem has a unique solution ζ AA ′ in U .
Next, consider the problem
These are the first equation of (23), the first equation of (20) and the third condition of (24). Note that the RHS of all three equations contain only known quantities. Hence this problem is a Cauchy problem for a linear, diagonal, second order hyperbolic system. According to a theorem in [8] and [15] this problem has a unique solution
It now remains to prove that the H BCA ′ C ′ found above satisfies the conditions
In order to do that we define
Equation ( 
Taking another derivative gives us
because we assumed that M is Einstein. Hence ξ ABCA ′ is a solution of the following problem
This homogeneous problem has a unique solution in U according to [8] . Therefore we must have ξ ABCA ′ = 0 in U , which implies that
This proves that H BCA ′ C ′ satisfies all the conditions (24), which completes the existence part of the theorem.
Uniqueness: Remember that
• ζ AA ′ was uniquely determined by the fourth condition of (24) and the second equation of (20) and that ζ AA ′ was uniquely determined by
• ζ AA ′ , the second condition of (24) and the second equation of (23). Also recall that this determined the normal derivative of H BCA ′ C ′ on Σ uniquely and that this normal derivative together with the third condition of (24) and the first equation of (23) determined H BCA ′ C ′ uniquely. This establishes uniqueness.
2
We remark that spacetimes admitting a normalized spinor dyad (o A , ι A ) in which κ = σ = 0 and in which the Ricci spinor satisfies
have been studied by Torres del Castillo [14] . He found that in all such spaces there exists a Lanczos potential L ABCA ′ of the Weyl spinor such that L ABCA ′ can be written
for some completely symmetric spinor H ABA ′ B ′ . We also note that in [5] and [2] where it is shown that Lanczos potentials of the Weyl spinor which can be written in terms of an H-potential as above, can sometimes be used to construct curvature-free asymmetric connections on the spacetime in question. An interesting curiosity is that these cases include some non-Einstein spacetimes and the H-potential can in fact be chosen to be hermitian. Of course this does not contradict the above results since we do not consider the non-Einstein case at all.
The tensor version
It is tedious but straightforward to translate the above result into tensors. The condition Φ ABA ′ B ′ = 0 translates into the vanishing of the trace-free Ricci tensorR ab = R ab − 
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